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Aeroelastic Tailoring using the Spars and Stringers 
Planform Geometry 
G. Francois1, J. E. Cooper2 and P. M. Weaver3 
Department of Aerospace Engineering, University of Bristol, Bristol, BS8 1TR, U.K. 
The aeroelastic performance of a wing, including static aeroelastic shape, 
flutter/divergence speed and gust load response, has a significant influence on aircraft design. 
The tailoring of aeroelastic responses therefore offers potential weight savings. In this paper, 
the spars and stringers planform geometry (i.e. shape and root/tip chord wise location) on a 
representative wind tunnel model aircraft wing are used to modify the wing aeroelastic 
performance. Several optimisations are performed to illustrate the ability of the spars and 
stringers planform geometrical features to change the wing vibrational mode natural 
frequencies, deformation under a static tip load and aerodynamic load, gust response and 
aeroelastic instability speed. Changing the stringers planform geometry is shown to offer 
minor variation in the wing deformation and loads. Changing the spars planform geometry is 
shown to enable a reduction in root bending moment under static aerodynamic loading 
greater than 10%, a reduction in maximum root bending moment encounter during a worst 
case scenario gust event greater than 10% and a 25% increase in flutter speed. The 
improvements due to a change in the spar planform geometry are compared to the effect of 
changing the wing sweep angle. A framework to characterise Euler-Bernoulli beam properties 
on wings with geometric coupling is then developed and validated to relate the stiffness and 
bend/twist coupling parameter to the full 3D FE models.   
I. Introduction 
The airline industry is expected to see a growth of 5% per annum for the next two decades1. In order to support 
such growth a number of challenges need to be tackled among which the industry‘s dependency on fossil fuel is one 
of the biggest. Aircraft designers and manufacturers are therefore looking at ways to reduce aircraft fuel consumption. 
The science of aeroelasticity focuses on the deformation and response of structure under aerodynamic, inertia and 
elastic forces2. Applied to wing design, aeroelastic considerations can be used to control the wing shape during cruise 
flight, control the wing response to gust encounter and also prevent the instigation of flutter and divergence. Thus the 
control of aeroelastic properties of a wing could offer weight and fuel savings. This approach is known as aeroelastic 
tailoring3. 
The control of aeroelastic properties is achieved through the control and coupling of bending and torsion 
deflections. Such control has been principally achieved through the use of composite materials where the stiffness 
tailoring is achieved through the design of the fibre orientations4–9.  
More recently, research work10–21 focusing on the development of lighter wing structure has shown that the use of 
novel wing structural designs can control the aeroelastic performance and reduce the wing structural mass. These 
results have been highlighted by research in wing structure topology which encompasses the study of the number, 
position, size and shape of structural features. However, common pitfalls in topology optimisations are: (1) the 
complexity of the solution produced is not readily transferable into real designs especially if composite materials are 
to be used as complex three dimensional shapes and ply drop-off are to be avoided, (2) the complexity of the solution 
produced means that it is hard to understand how aeroelastic tailoring was created and (3) the  high dependency of the 
final result to the load cases and optimisation objectives considered imply that multiple load cases and objectives 
would need to be defined early in the design process. Thus it is hard to know when and how topology optimisation 
will be used in wing design. There is a need to consider how aeroelastic performance of a classical wing structure 
made of spars, ribs, stringers and covers can be improved.  
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Work presented previously22–30on the effect of curvilinear structural members on the structural response of wings 
has shown that its effect is not negligible and could be a source of wing performance improvements. However, only 
limited work has been performed on simple, idealised structure necessary to understand the fundamental mechanisms 
by which the structural response is modified by changing the shape of the structural members. In addition, only limited 
work has considered optimisation of the structural shape of the wing purely in terms of aeroelastic tailoring and only 
a limited design freedom - whereby the leading edge and the trailing edge spars remained straight- has been considered. 
Therefore, there is a clear need to further develop the understanding of the relationship between the wing internal 
structural members’ geometry and the wing deformation through variations in the structural members’ geometry of a 
representative wing structure made of spars, ribs, stringers and covers. In this effort, Francois et al.31 showed the effect 
of changing the rib orientation and sweep angle on the wing deformation and response. Additionally, there is a need 
to translate this understanding into simple tools that designers can use in the early design phase to make a better 
judgement on the structural members’ geometry.  
Beam models have been extensively used to describe the capacity of composite materials to influence the bending 
and torsional deflections. Such models also characterise a wing structure deformation by using three cross-sectional 
stiffness parameter around a reference axis. According to Weisshaar5, the bending moment (M) and torque (T) can 
relate to the bending (w’’) and twist (θ’) curvature along the beam reference axis using 
 
  (1) 
 
where EI and GJ are the bending and torsional stiffness parameter and K is the bend/twist coupling parameter. When 
dealing with composite materials, K is a function of the material properties. 
The interest and use of the beam model can be understood when considering the numerous advantages that the 
beam model offers to designers. First, such a model is easy to implement while providing a way to include the 
bend/twist coupling possibilities of a composite material and for this reason is often used in the preliminary design 
stage. Additionally, the use of a single term to characterise the bend/twist coupling capability of a stacking-sequence, 
K, offers designers a relatively simple comparison metric. Considering such advantages, there is a need to develop a 
frame-work to enable the identification of beam properties that can characterise geometric bend/twist coupling.  
In this paper, the effect of varying the spars and stringers planform geometrical features (shape and root/tip 
location) on the wing static and dynamic structural response for aeroelastic performances is examined. In addition, 
the characterisation of the wing’s bend/twist coupling and stiffnesses due to the structural members’ geometry is 
related to a simple structural beam model.  
 
II. Concept Explored, Wing Model Geometry and Modelling 
A. Concept Explored  
We consider the variation in the planform geometry (i.e. shape and root/tip chord wise location) of the spars and 
stringers as illustrated in Figure 1. An un-tapered wind tunnel model wing was chosen as a test case in this work as 
experimental studies of this wing geometry have also been performed elsewhere 32,33; the underlying conclusions from 
the work is expected to scale up to a full-scale aircraft wing model. The figures illustrating the shape of structural 
elements have the spars, the ribs, the stringers, the wing aerodynamic limits and the wing flexural axis shown in red, 
blue, black, magenta and green respectively. 
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Figure 1. Illustration of the Structural Members Planform Geometry Variation Investigated in this Paper. 
 
 
B. Wing Model Geometry and Material 
The wing geometry used has a span of 500mm and a chord of 100mm as shown in Figure 2. The skin and spar 
thickness are 2mm and 4mm respectively. The wing’s internal structure has 8 ribs, 2 spars as well as root and tip ribs. 
The leading and trailing edge spars are located at 25% and 75% of the wing chord, respectively. The wing box is of a 
constant thickness to chord ratio of 9.5%. The constant thickness to chord ratio was approximated by converting a 
NACA0012 profiled wing section into an equivalent rectangular wing box through the use of thin-wall beam theory 
and considering the second moment of area contribution of the different structural members. 
The Baseline wing shown in Figure 2 has 4mm thick ribs. The rib thickness was varied for all other wing design 
considered to compare wings of similar mass.  
When performing the spar geometry optimisation the wing does not have any stringers. When considering the 
effect of stringers shape, the Baseline wing is fitted with two square cross-section stringers in the top and bottom 
covers with length and height of 2mm. 
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Figure 2. Wing External Dimensions in mm. 
 
The wing was assumed to be made using a solidified polyamide material - a material used in previous experiments 
32,33- with a Young’s modulus of 1,650.0MPa, a Poisson’s ratio of 0.4 and a density of 1.15g/cm3. The material was 
assumed to be isotropic and homogenous. 
 
C. Finite Element Modelling 
All wing models were analysed using Finite Element analysis (FE). A MATLAB routine which created a 
MSC.PATRAN session file for the different wing design considered was used. This file was then run in 
MSC.PATRAN and contained all the necessary actions to create an FE model such as the creation of the surfaces, 
meshing of the surfaces, node equivalence and check of the element geometries as well as the creation of element 
properties and boundary conditions to be used in the different analyses. IsoMesh and Paver meshing algorithms were 
used to mesh the wing models. The models used 2D shell elements (CQUAD) and the element geometry was checked 
to avoid highly skewed elements. If the elements were found to be highly skewed they were replaced by CTRIA3 
elements using MSC.PATRAN mesh verification tool. The model mesh contained over 7,000 structural elements and 
1,200 aerodynamic panels for the aeroelastic calculations. Mesh convergence studies were performed for each analysis 
performed. The stringers were modelled using 1D beam elements (CBEAM).  
In order to quantify the variation in bend-twist coupling by the different concepts explored the position of the 
Flexural Axis is estimated for the wing boxes in FE modelling. In this paper, we assume that the flexural axis is the 
line connecting flexural centres which are a point on a wing section at which the application of a shear force creates 
no twist of that section with respect to the root 34,35. The flexural centre of a section can be found by successively 
applying a small static load (MSC.NASTRAN SOL 101) at the leading and trailing edge of that section. These two 
analyses provides us with two twist angles of the section. Using linear interpolation the location of the flexural centre 
of the section can be found. The process is repeated for several sections. 
D. Mass Control Method  
The concepts are explored on a mass neutral basis where all wings considered have the same mass – the mass of 
the Baseline wing with stream-wise ribs and straight ribs, spars and stringers. The variation of the spars and stringers 
planform geometry can lead to longer spars and stringers compared to the Baseline wing. Thus to avoid an increase in 
wing mass, we chose to reduce the rib thickness accordingly. Figure 3 shows that the convergence of mass in FE is 
quick for the Baseline wing and for a wing with curved spars and ribs. Thus to calculate the necessary rib thickness 
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for a neutral wing mass, any wing design is run twice with a coarse mesh prior to the analysis run. In the first run the 
wing is run with the baseline rib thickness of 4mm and give a “heavy” wing mass. For the second run a reduced rib 
thickness is used. This reduced rib thickness is found by estimating the increase in the spars/stringers length. This 
second run gives a “light” wing mass. Having two masses with the two different rib thicknesses, the weight neutral 
rib thickness can be estimated using linear interpolation.  
 
 
 
Figure 3. Wing Mass Mesh Convergence Study. 
 
E. Curved Parametrisation 
The wing structural members’ position and shapes are controlled using Bezier curves - a polynomial representation 
method suitable for optimisation methods as it allows the control of the polynomial curves with only a limited number 
of control points. The polynomial curve is strictly defined by the control points thus limiting the number of decision 
variables making it an attractive method for optimisation purposes36. The Bezier curve representation can be expressed 
using the generalised formula shown in Equation 1 where the position of the control points permit the development of 
a polynomial equation used for shape parametrisation with 𝑛 the number of control points, 𝑃𝑖 the control points and 
𝐵𝑖,𝑝(𝑢) 𝑝 order Bernstein polynomials. 
 
𝑅𝑔(𝑢) =  ∑ 𝑃𝑖𝐵𝑖,𝑝(𝑢)
𝑛
𝑖=1
 (2) 
 
The number of control points (𝑛) is of 𝑝 + 1 for a shape polynomial of order 𝑝. In this work, only second and third 
order curves where used. For such purposes Equation 2 can be expressed in an explicit form shown in Equation 3, 
where 𝑡 represents the number of points on the curve and 𝑃𝑖  the control points coordinates. 
 
𝐵(𝑡) = ∑ (
𝑛
𝑖
) (1 − 𝑡)𝑛−𝑖𝑡𝑖𝑃𝑖
𝑛
𝑖=0
 (3) 
 
Using Equation 3 in two dimensions, a list of points with ordinate and abscissa values defining the position and 
shape of the spars and stringers are found. The depth direction for each point can be added by considering the profile 
of the wing box – a rectangle in this particular case. 
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III. Optimisation Method and Implementation 
Since a wide variety of planform geometry for the different structural members had to be considered to improve 
aeroelastic performance this was a clear optimisation problem. The following section explains the optimisation method 
used and its implementation.  
A. Optimisation Method Used 
To perform the optimisation, an evolutionary optimisation method was used. Evolutionary optimisation methods 
mimics search and improved methods developed by Nature such as gene selection or bird flock motion. The 
optimisation chosen in this study was the Particle Swarm Optimisation (PSO) method as it uses continuous decision 
variables and can be used to find global optimal solutions for non-convex problems. 
The PSO algorithm is a global stochastic search method that uses continuous decision variables originally derived 
by Kennedy and Eberhart37. The optimisation method is inspired from animals swarm movement where swarm 
particles remember their best value position as well as the best value position of the swarm. Each particle is assigned 
a position as well as a velocity on the search space. The velocity and position of each particles and the swarm is 
updated to the 𝑘𝑡ℎ iteration based on both the best values of each particles and the overall swarm best position using 
Equations 4, 5, 6 and 7. 
 
𝑥𝑖(𝑘 + 1) = 𝑥𝑖(𝑘) + 𝑣𝑖(𝑘) 
 
(4) 
𝑣𝑖(𝑘 + 1) = 𝛼𝑣𝑖(𝑘) + 𝛽𝜌𝑖(𝑘)(𝑥𝑖(𝑘) − 𝑥𝑖(𝑘)) + 𝛾𝜎𝑖(𝑘)(𝑥𝑠𝑤𝑎𝑟𝑚(𝑘) − 𝑥𝑖(𝑘)) 
 
(5) 
𝑥𝑖(𝑘 + 1) = 𝑎𝑟𝑔𝑚𝑖𝑛{𝑓(𝑥𝑖(𝑘)), 𝑓(𝑥𝑖(𝑘))} 
 
(6) 
𝑥𝑠𝑤𝑎𝑟𝑚(𝑘 + 1) = 𝑎𝑟𝑔𝑚𝑖𝑛{𝑓(𝑥𝑖(𝑘))} (7) 
 
where 𝑥𝑖, 𝑣𝑖 and 𝑥𝑖 are the position, velocity and own best position of particle 𝑖, 𝑥𝑠𝑤𝑎𝑟𝑚(𝑘) the swarm best position 
respectively. 𝛼, 𝛽 and 𝛾 are user defined factors with given values of 0.75, 0.15 and 0.15 in this study. 𝜌 and 𝜎 are 
random numbers between 0 and 1 generated independently for each particle.  
B. Cost Functions 
The aim of the optimisations was to find new internal structure geometries to vary the wing structural response. 
Several analyses were considered individually and for each a different cost function was formulated to improve a 
specific metric.  
For the static tip load analysis the optimisation aimed at maximising the tip displacement and tip twist. For the 
static aeroelastic analysis, optimisations aimed at maximising and minimising the tip displacement and tip twist. When 
considering the natural frequencies, the optimisation aimed at maximising the natural frequencies of the different 
bending and torsion modes. Finally, when considering aeroelastic instability and the gust events, three different 
objectives were considered: (1) maximisation of the aeroelastic instability speed, (2) minimisation of the maximum 
root bending moment in a worst case scenario gust event and (3) finally a multi-objective optimisation of both (1) and 
(2).  
For every wing a cost (𝐽) was calculated which is made of ratio between the performance of the Baseline wing and 
the new solution. The Baseline wings performance metrics are summarised in Table 1 and Table 2. All Baseline wings 
undergo a flutter instability with a coalescence of the first bending mode (dominant), second bending mode and the 
first torsion mode. 
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Table 1. Baseline Wings Mass, Average Tip Displacement and Twist under Static Tip Load and Aerodynamic Load, 
Maximum Root Bending Moment during a Gust Encounter and Flutter Speed. 
 
  Static tip load analysis Aeroelastic analysis 
Maximum 
Bending 
moment during 
a gust encounter 
(N.mm) 
Flutter 
Speed 
(m/s) 
Baseline Wing 
Model Mass 
Average tip 
displacement 
Tip twist 
(°) 
Average tip 
displacement 
Tip twist 
(°) 
2 spars, 8 ribs 317.4 12.31 0 13.68 0.41 1655.65 117.91 
2 spars, 8 ribs, 4 
stringers 326.6 12.03 0 16.00 0.47 1658.87 118.21 
 
Table 2. Baseline Wings Natural Frequencies and Mode Shapes (B: Bending Mode, T: Torsion Mode). 
 
Baseline Wing 
Model Natural Frequency (Hz) & Mode Shape 
2 spars, 8 ribs 
11.21 
(B) 
66.99 
(B) 
68.02 
(F/A) 
73.72 
(T) 
175.04 
(B) 
220.86 
(T) 
313.83 
(B) 
359.13 
(F/A) 
366.94 
(T) 
469.39 
(B) 
2 spars, 8 ribs, 4 
stringers 
10.42 
(B) 
62.55 
(B) 
66.16 
(F/A) 
66.45 
(T) 
164.44 
(B) 
199.89 
(T) 
296.85 
(B) 
334.64 
(F/A) 
342.03 
(T) 
444.76 
(B) 
 
C. Decision Variables 
The decision variable set to control the structural members varied based on which structural member groups were 
controlled (spars or stringers). The shape parametrisation decision variables were the Bezier curve control points for 
the structural members, with each control point having a specified position in both chord and span directions (𝑋𝑖 and 
𝑌𝑖).  
Each structural members group was optimised assuming both “fixed end points” and “free end points”. The “fixed 
end points” optimisations assumed that the starting (at the root) and ending points (at the tip) of a structural member 
were defined by the initial wing geometry and so were fixed to prevent root and tip motion. Hence in the “fixed end 
points” optimisations only the planform shape of the structural members are changed. The “free end points” 
optimisations assume that the starting and ending points chord wise location of the structural members are decision 
variables. Hence both the planform shape and the root and tip chord wise location of the structural members are 
optimised when using the “free end points” decision variable set. 
The spars were fitted with third order Bezier curves. For the “fixed end points” optimisations only two control 
points were required for each spar making a total of 4s decision variables to control the spars shape of s spars. “Free 
end points” optimisations requires 6s decision variables. 
The stringers were fitted with third order polynomials. Thus, only two control points were required for each 
stringers making a total of 4p and 6p decision variables to control the shapes of p stringers for “fixed end points” and 
“free end points” optimisation respectively.  
In this paper each group were controlled and optimised individually. The decision variables for the different 
optimisation performed is summarised in Table 3. 
 
Table 3: Summary of the Decision Variables Sets and Corresponding Number of Decision Variables for a Wing with s 
Number of Spars and p Number of Stringers. 
 
Decision Variables Sets 
Number of Decision Variables 
“Fixed end points” Optimisations “Free end points” Optimisations 
Individual Spar Shape Control 4s 6s 
Individual Stringers Shape Control 4p 6p 
 
D. Penalty Functions 
The PSO algorithm is a non-constrained optimiser hence if constraints are to be enforced the user must use penalty 
functions38,39. In this study, the constraints prevented certain optimisation pitfalls and aimed at reducing the design 
space to only structurally viable solutions. These constraints were hard constraints which must be met by every 
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solution considered. To allow for a quantification of how much the solutions were outside the correct design space a 
non-stationary penalty function was used. This penalty function, ℎ1(𝑥), is an aggregate metric of every broken 
constraint and are defined by  
 
ℎ1(𝑥) = ∑ 𝑞𝑖(𝑥)
𝑚
𝑖=0
 (8) 
 
where x is a design solution and 𝑞𝑖(𝑥) is a function describing a violated constraint. The  ℎ1(𝑥) term was triggered 
when any of the geometry constraints were not respected.  In order to avoid unnecessary calculations, the particles 
which triggered the penalty term ℎ1(𝑥) were not analysed using FE analysis and so the solution associated cost, 𝐽(𝑥), 
became the penalty term ℎ1(𝑥). 
The geometry constraints checked that the geometry was feasible (i.e. spars/stringers not crossing each other and 
at appropriate distance from each other). The structure of the wing was also only allowed to move within the 
aerodynamic shape of the wing which was fixed throughout the optimisation process. Finally, the angle between the 
ribs and the spars was limited to a minimum of 10° so as to prevent highly skewed elements. 
E. Optimisations Performed 
In this paper, the average tip displacement is calculated by averaging the displacement at the tip leading and trailing 
edge. Nose up twist is shown by a positive twist value. 
 
1. Static Tip Load Optimisations 
The static load analysis was performed using MSC.NASTRAN SOL 101 assuming a leading and trailing edge tip 
load of 243.5g. The wings were assumed to be fully fixed at the root. 
The static analysis optimisations aimed at maximizing the tip twist and tip displacement of the wing. For each 
decision variable set used six displacement maximisation and six twist maximisation optimisations were performed.  
 
2. Natural Frequency Optimisations 
The natural frequencies of the different mode shape of the wings were estimated using MSC.NASTRAN modal 
analysis (SOL 103). The wings were assumed to be fully fixed at the root.  
The natural frequency optimisations aimed at maximising the natural frequency of the vibrational modes. Six 
optimisations aimed at maximising the natural frequencies of the first ten modes and six aimed at maximising the 
natural frequencies of the first five mode. Hence the results are split into two data sets for each decisions variable set. 
 
3. Static Aeroelastic Optimisations 
The static aeroelasticity analysis (MSC.NASTRAN SOL 144) was performed at an angle of attack of 5ᵒ and at a 
speed of 35m/s using a doublet lattice panel method. In this analysis the wing was assumed to be fully fixed at the 
root. The modelling was performed at an air temperature of 25ᵒC similarly to the temperature experienced in the wind 
tunnel. A symmetry at the root is assumed to consider the reflection from the wind tunnel wall 40.  
The results discussed were obtained from twelve different optimisations for each decisions variable set. Three 
optimisations aimed at maximising the tip displacement and three aimed at maximising tip twist. Finally three 
optimisations aimed at minimising the tip displacement and three aimed at minimising the tip twist. Hence the results 
are split into six data sets for each decisions variable set. 
 
4. Aeroelastic Instability Speed and Gust Response Optimisations 
The aeroelastic instability speed analysis was performed using MSC.NASTRAN PKNL analysis (SOL 145). The 
PKNL (PK No Looping) method is a PK method that uses direct matching of air speed, Mach number and air density 
at which to investigate the behaviour of the wing 40,41. The analysis was performed with a range of Mach number from 
0.01 to 0.5 with matching airspeed at sea level and at 25ᵒC using a doublet lattice panel method. A symmetry at the 
root was assumed to consider the reflection from the wind tunnel wall 40. The inclusion of 0.5% of structural damping 
prevented the triggering of soft flutter modes in the analysis 2,40. 
The aeroelastic instabilities were found by tracking sign inversion of the modes damping values. The speed of the 
aeroelastic instabilities is found by linearly interpolating between the last speed with a positive damping value and the 
first speed with a negative damping value. The distinction between a flutter and a divergence instability was made by 
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tracking the imaginary part of the eigenvalue. If the imaginary part of the eigenvalue after the mode damping value 
switch was null the instability was divergence. 
In the case of a flutter instability it is interesting to investigate the mode contributing to the flutter mode. To do so, 
the modal eigenvectors (modal participation factor) for each eigenvalue calculated during the PKNL analysis can be 
outputted. The modulus of each eigenvector, at the instability, can then be calculated to determine which mode 
contributes to the flutter mode. 
Gust loads can be of crucial importance to aircraft designer as they can be the design loads for which the wing 
structure is sized. It is, therefore, important to assess the effect of the different concepts on gust loads. Various metrics 
can be used to assess this effect as explained in 42. For this paper, considering that only the wing is considered and is 
assumed to be fully fixed during the analysis, the root bending moment generated during a gust encounter was chosen 
as the metric of interest.  
Gust events are simulated assuming the gust velocity profile varies as ‘1-Cosine’ using MSC.NASTRAN SOL 
146 for which the time domain gust velocity is expressed using  
 
 
 (9) 
 
with T the analysis time variable, ωg0, the peak gust velocity and the gust length Lg 2. The gust analysis was performed 
at sea level and at a speed of 35m/s at 25ᵒC. A symmetry at the root was assumed to model the reflection from the 
wind tunnel wall 40. A value of 0.5% of structural damping was used in this analysis. Six gust lengths were considered 
varying linearly from 0.7m to 7.0m with a peak gust velocity of 0.5m/s. The wing root is assumed to be fully fixed 
through a Multiple Point Constraint (MPC). The wing root bending moment was assessed by considering the bending 
moment created on the node slaving all the nodes at the root. The maximum root bending moment for a given wing 
design was found by fitting the root bending moments at each gust length using a Radial Basis Function (RBF) 42 
method. 
The results discussed were obtained from six different optimisations for each decisions variable set. Two 
optimisations aimed at maximising the first aeroelastic instability speed and two aimed at minimising the maximum 
root bending moment encounter during a worst case scenario gust event. Finally two optimisations aimed both 
maximising the first aeroelastic instability speed and minimising the maximum root bending moment encounter during 
a worst case scenario gust event. Hence the results are split into three data sets for each decisions variable set. 
 
IV. Spars Planform Geometry 
In order to provide a complete picture on the effect of the spar geometry on the response and deformation of a 
wing the optimisation results obtained are compared to the response and deformation of some swept wings in the 
following discussion. The results for the swept wings used in this section were presented previously in Francois et 
al.31 and only consider swept wings with rib orientation parallel to the free stream. The mass of the wings increases 
with a change in sweep angle and a forward swept wing has positive sweep angle (Λ). 
A. Static Tip Load Optimisations 
Figure 4 and Figure 5 show the tip displacement and twist of all valid designs tried during six displacement 
maximisation and six twist maximisation optimisations when using the spars planform geometry has decision variables 
with “fixed end points” and “free end points” respectively. Additionally, the geometry of the structure and flexural 
axis for different designs are shown.  
When considering the results obtained with “fixed end points”, shown on Figure 4, it is clear that the variation in 
the spars shape changes the amount of tip displacement and tip twist seen by the wings by up to 6.9% and 0.69ᵒ. When 
considering the optimised designs obtained using “free end points”, shown on Figure 5, the variation in the spars shape 
and root/tip location changes the tip displacement and tip twist by up to 7.5% and 0.72ᵒ. The use of curved spars and 
the spars root/tip location to increase the tip displacement and twist can be primarily related to a change in two 
geometric features: (1) the overall chord wise location of the spars with respect to the load application point and (2) 
the minimum chord wise distance separating the leading and trailing edge spar. 
The overall chord wise location of the spars can be used to change the tip twist and the tip displacement of the 
wing as shown by Design 5 and 7 on Figure 4. In those designs the control of the spars shape has for primary effect 
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to move the spars towards the wing trailing and leading edge respectively. Design 5 and 7 have a tip flexural centre 
that has moved towards the trailing and leading edge respectively. The motion of the flexural axis implies that these 
wings would experience a higher nose-up/nose-down tip twist under a tip load pulling the wing out of the page (0.2ᵒ 
and -0.19ᵒ respectively). Hence the spars shape can create bend-twist coupling. This bend-twist coupling is due to an 
offset of the bending stiffness of the wing with respect to the load application point which results in a bending and 
torque load under a mid-chord tip load. This behaviour is similar to the bend-twist coupling created in swept wings 
and explains the increase in wing tip displacement (0.8% and 0.7% respectively). This similarity in bend-twist 
coupling mechanism can be observed on Figure 4 where the trend described by the variation in tip twist versus tip 
displacement for wings of different sweep angle and spars shape is seen to be similar. However since the load 
application does not move when using curved spars, wings with spars curved towards the leading edge (Design 7) or 
trailing edge (Design 5) develop negative/positive tip twist similarly to a wing swept backward/forward by 5ᵒ. 
The second geometric feature used is the minimum chord wise distance separating the leading and trailing edge 
spars which is found to reduce between Designs 3 and 4 on Figure 4 and leads to a reduction in the torsional constant 
of the wings. Additionally this geometric feature has a small effect on the wing bending stiffness by changing the 
support of the spars to the covers as shown by Designs 3, 4 and 6 on Figure 4. 
However to get the maximum displacement and twist the combination of both geometric features is necessary as 
shown in Designs 1 to 4 and 8 to 11 on Figure 4. Indeed, wings with simple reduction in the chord wise distance 
between the spars similar to Designs 1 or 11 but made symmetric by the mid chord line so that the spars shape resemble 
a “dogbone” specimen have no twist and only a 1.0% increase in tip displacement. Designs 4 to 1 and 8 to 11 are the 
designs maximising twist for the least amount of tip displacement. The evolution of the spars shape from Designs 5 
to 1 and 7 to 11 illustrates the use of the different geometric features by the optimiser. Initially, the chord wise distance 
separating the leading and trailing edge spar is reduced to a minimum (Designs 5 to 4 and 7 to 8). Then the minimum 
spar separation distance is moved towards the wing trailing or leading edge which leads to an offset in the flexural 
axis of the wing which creates bend-twist coupling when applying a tip load (Designs 4 to 2 and 8 to 10). Such offset 
implies that under a tip load the wings are subjected to a bending and torque load in addition to bend-twist coupling 
and so higher twist and displacement. Finally, the span location of the minimum distance between the spars is brought 
towards the root (Designs 2 to 1 and 10 to 11) which leads to higher displacement and twist since the bend-twist 
coupling and lower torsional stiffness occurs at higher loads. Based on these designs rules we summarise that the spar 
shape maximising the tip displacement and tip twist resembles Design 1 and 11. 
An alternative to the “dogbone” no-twist design is the doubly curved spars of Design 12 on Figure 4 which leads 
to an increased in tip displacement of 7.8% and no twist as the bend-twist coupling created by the motion of the spars 
towards the leading edge in the first half of the wing span is neutralised by the bend twist coupling created by the 
motion of the spars towards the trailing edge in the second half of the wing span. However the increase in tip 
displacement due to the bend-twist coupling is maintained. The complexity of such designs which requires the 
movement of the control points of the spars in opposite direction was never pursued to its optimum by the optimiser.   
When considering the optimised designs obtained using “free end points”, shown on Figure 5, the two geometric 
features are similar to the one used on the optimised designs obtained with “fixed end points” and they are again used 
together to maximise variation to the tip displacement and twist however they are mainly controlled by the chord wise 
location of the spars root and tip instead of the spars shape. For example, when considering the evolution of the spar 
design from Design 8 to 11 it can be seen that the second geometric feature is achieved over  all of the span length 
first and then the spars are moved towards the leading edge. However the spars are mainly straight and it is the chord 
wise location of the spars root and tip that improves the design. Using such design rules, the design generating the 
highest tip displacement and nose-down twist can be simplified as the one shown on Figure 6. This design increases 
tip displacement and twist by 10.3% and -0.93ᵒ respectively. Thus the control of the spars root and tip location 
increases tip twist and displacement by up to 34.8% and 3.3% compare to changing only the spars shape.  
The use of the spars root and tip chord wise location is also found to change the wing deformation by placing the 
spars at an angle to the wing span direction as shown by Designs 6, 7 and 12 similarly to a change in wing sweep. 
Interestingly, Design 12 has no twist but a tip displacement increased by 1.7%. This result can be explained by the 
fact that the spars run diagonally from the root trailing edge corner to the tip leading edge corner hence any twist due 
to the bend-twist coupling in the first half of the wing is neutralised by the twist created in the second half.  
The combination of both geometric features when changing the spars geometry is a key difference with the effect 
of changing the wing sweep as the torsional constant of the wing is almost unchanged by the spar sweep angle as 
shown in 31. Additionally, changing the spar sweep leads to higher bending loads has the load is carried over a longer 
distance which leads to higher tip displacement. These differences in effect imply that the spars geometry has higher 
control on the tip twist than the sweep angle hence to match the tip twist of Designs 1 and 11 on Figure 4 and Figure 
5 a sweep angle superior to 15ᵒ is needed.
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Figure 4. Tip Displacement versus Tip Twist for all Valid Spars Designs with “Fixed End Points” under a Tip Load and Illustration of Spars Designs. The Tip 
Displacement and Twist for Wings with Different Sweep Angle (Λ) with a 5ᵒ increment are also shown. 
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Figure 5. Tip Displacement versus Tip Twist for all Valid Spars Designs with “Free End Points” under a Tip Load and Illustration of Spars Designs. The Tip 
Displacement and Twist for Wings with Different Sweep Angle (Λ) with a 5ᵒ increment are also shown. 
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Figure 6. Spars Design Maximising Nose-Down Tip Twist and Displacement under a Static Tip Load found following the 
Design Rules Extracted from the Optimisations Results. 
 
B. Natural Frequency Optimisations 
Figure 7 shows the normalised natural frequencies for each of the first eight mode of every valid designs tried 
during twelve different optimisations with “fixed end points”. Figure 7 also shows the normalised natural frequencies 
for the first eight bending and torsion modes of wings swept backward by 5ᵒ and 30ᵒ taken from 31. The natural 
frequencies have been normalised with the Baseline natural frequencies and only bending and torsion modes are 
considered in this analysis. Figure 8 represents the same data set except that the natural frequencies are not normalised 
and the natural frequency of mode n is plotted against the natural frequency of mode n+1 hence Figure 8 contains six 
different plots (variation of mode 2 with respect to mode 1 is not represented). Each optimisation data set is split into 
two categories: (1) wing designs with similar mode succession as the Baseline wing and (2) wing designs with a mode 
succession different than the Baseline wing. Hence mode 1 to 8 for the wings with a similar mode succession as the 
Baseline wing are: first bending, second bending, first torsion, third bending, second torsion, fourth bending, third 
torsion and fifth bending mode. Wings with a different mode succession represent 3.6% of all valid designs tried but 
they always have their first bending mode has mode 1 and mainly have mode swaps due to lower torsion modes natural 
frequency. Finally the numbers on Figure 7 and Figure 8 refer to the illustrated designs shown on Figure 9. The 
illustrated designs maximise a natural frequency variation with the Baseline wing value for at least one mode. Designs 
1 to 10 have a similar mode succession as the Baseline wing while Design 11 and 12 have a different mode succession. 
Similarly the data for twelve optimisations when using “free end points” is presented on Figure 10-12. Wings with 
a different mode succession than the Baseline wing represent 20.4% of all valid designs tried. Designs 1 to 8 on Figure 
10-12 have similar mode succession as the Baseline wing while Design 9 to 15 do not.  
The first observation that can be made on Figure 7 and Figure 10 is that changing the spars geometry has very little 
effect on the first bending mode of the wing. The natural frequency of the first bending mode varies by at most 0.2Hz 
on Figure 7 and 0.5Hz on Figure 10 with a change in spars geometry. Hence the first bending mode natural frequency 
is very weakly dependent on the geometry of the spars. However as the mode number increases the dependency of the 
natural frequencies on the spars geometry increases as the dependency of their natural frequency on the wing stiffness 
and its distribution increases. Maximum dependency is found for the third torsion mode (Mode 7) for which a change 
in the spars geometry can lead to a variation of 111.0Hz and 126.2Hz on Figure 7 and Figure 10 respectively when 
considering only the wings with similar mode succession as the Baseline wing.  
When considering Figure 8 and Figure 11 it can be seen that the wings maximising the natural frequency of each 
mode (upper right quadrant for each plot) are primarily wings with similar mode succession as the Baseline wing. The 
only exception to this trend is Design 9 and 10 on Figure 10-12 for which the fifth bending and the third torsion modes 
are swapped. However it should be noted that Design 9 and 10 are very similar to Design 2 on Figure 12. On the other 
hand the majority of wings with different mode succession than the Baseline wing are found to enable natural 
frequency minimisation (bottom left quadrant of each plot). 
When considering only the wings with the same mode succession as the Baseline wing we observed that the 
variation in natural frequencies with the spars shape for the torsion modes (Modes 3, 5 and 7) is found to be superior 
than the one observed for the bending modes natural frequencies (Modes 2, 4, 6 and 8) as shown on Figure 7-9 and 
Figure 10-12. The natural frequencies of the bending modes are only marginally increased compared to the Baseline 
values by up to 1.5% and 1.6% on the fifth bending mode but can be drastically decreased by reducing the chord wise 
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distance separating the spars by up to 17.0% and 21.1% on the same mode. The torsion modes natural frequencies can 
be drastically both increased (by up to 17.0% and 19.9%, third torsion mode) and reduced (by up to 13.2% and 14.5%, 
third torsion mode) by changing the chord wise distance separating the spars. Hence the torsion modes natural 
frequencies are more dependent on the spars geometry than the bending modes.  
As explained in 31 and shown on Figure 7 and Figure 10, changing the sweep angle mainly reduced the bending 
mode natural frequencies as the wing mass increases. When increasing the sweep angle from 0ᵒ to 30ᵒ the fifth bending 
mode and fourth torsion mode natural frequencies are reduced by 18.1% and 0.9% respectively. Thus changing the 
spars geometry offers a much higher control over the wing natural frequencies than changing the wing sweep.  
When considering the results obtained with “fixed end points”, the bending modes natural frequencies are 
maximised by Designs 1, 3 and 5 on Figure 9 while Designs 2, 4 and 6 maximise the natural frequencies of the 
torsional modes. All display curved spars for which the leading and trailing edge spars are symmetric by the mid-
chord line. In all these designs, curved spars are used to increase the chord wise distance separating the spars however 
this distance is significantly more increase on Designs 2, 4 and 6 than on Designs 1, 3 and 5. Interestingly Designs 1, 
3 and 5 have increased torsion mode natural frequencies while Designs 2, 4 and 6 have reduced bending mode natural 
frequencies compared to the Baseline wing.  
A similar distinction is seen on Figure 12 where Designs 1 and 3 have the highest bending mode natural frequencies 
and increased torsional mode natural frequencies due to a slight increase in the chord wise distance separating the 
spars. Designs 2, 4, 5, 9 and 10 have the highest torsional mode natural frequencies but reduced bending mode natural 
frequencies. These designs display a significant increase in the chord wise separation of the spars. Although Designs 
9 and 10 have a different mode succession than the Baseline wing they can be used in this explanation as the only 
difference in their mode succession to the Baseline is a swap between the fifth bending (436.0Hz and 443.9Hz) and 
third torsion mode (423.5Hz and 415.2Hz). Hence the trend displayed on Figure 10 would be increased if a mode 
reordering was performed for Design 9 and 10. 
Table 4 and Table 5 show the tip twist and displacement for the designs shown on Figure 9 and Figure 12 when 
under a tip load similar to the load used in Section IV.A. Clearly Design 1, 3 and 5 on Figure 9 and Designs 1 and 3 
on Figure 12 have a lower tip displacement than the Baseline wing which would translate into a higher bending 
stiffness and so a higher bending mode natural frequencies. On the other hand Design 2, 4 and 6 on Figure 9 and 
Designs 2, 4, 5, 9 and 10 on Figure 12 have a higher tip displacement than the Baseline wing which imply a lower 
bending stiffness and so a lower bending mode natural frequencies. Hence the effect of increasing the chord wise 
distance separating the leading and trailing edge spars on the wing bending stiffness varies based on that distance. 
Hence in both decision variables set it is clear that the optimiser uses the chord wise distance separating the leading 
and trailing edge spar to maximise the modes natural frequencies which primarily change the torsional constant of the 
wing. The change in wing bending stiffness is a much smaller effect as it is related to the support of the skins by the 
spars. This hierarchy in the stiffness variation mechanism explains why the maximisation of the bending mode natural 
frequencies is smaller than the maximisation of the torsion modes natural frequencies. 
When the root and tip location of the spars is fixed these geometric features are controlled by a change in spar 
shape however when the spars root and tip position are decision variables they are used in conjunction with 
predominantly straight spars.  
Figure 7 and Figure 10 display many designs that lead to drastic reduction in mode natural frequencies. Designs 
with the lowest natural frequencies display a reduction in chord wise separation of the spars (Designs 7-12 on Figure 
9 and Designs 6- 8 ,11, 13, 14 and 15 on Figure 12) and/or spars with chord wise overall position towards the leading 
or trailing edge (Designs 7, 9, 11 and 12 on Figure 9 and Designs 6, 7, 12, 15 on Figure 12) and/or asymmetric leading 
and trailing edge shapes spars by the mid chord line (Designs 7, 9 and 11 on Figure 9 and Designs 6, 7, 8, 12 and 15 
on Figure 12). Such geometric features have for primary effect to reduce the torsional constant of the wing as well as 
create bend-twist coupling as shown in Section IV.A, Table 4 and Table 5. This coupling enable further changes in 
the natural frequency for the different modes. These results highlight the control of the wing modal response with the 
spars shape and the spars root/tip chord wise location.  
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Figure 7. Normalised Natural Frequencies of the First Eight Modes of all Valid Spars Designs with “fixed end points”. 
The Numbers Refer to the Designs shown on Figure 9. The Normalised Natural Frequencies for the First Eight Bending 
and Torsion Modes of Wings Swept Backward by 5ᵒ and 30ᵒ are also shown. 
 
 
 
Figure 8. Natural Frequencies Variation for Mode 2 to 8 of all Valid Spars Designs with “fixed end points”. The Numbers 
Refer to the Designs shown on Figure 9. 
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Figure 9. The Spar Designs with “Fixed End Points” Maximising Variation with the Baseline Values of each Mode. 
 
Table 4. Tip Displacement and Twist of the Designs shown on Figure 9 when Subject to a Mid-Chord Tip Load. 
 
 Designs Average Tip Displacement (mm) Tip Twist (Degrees) 
F
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1 12.30 0.00 
2 12.40 -0.01 
3 12.30 0.00 
4 12.33 0.00 
5 12.30 0.00 
6 12.34 -0.01 
7 12.55 -0.27 
8 12.34 0.07 
9 12.42 0.10 
10 12.37 0.01 
11 12.64 -0.43 
12 12.43 0.09 
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Figure 10. Normalised Natural Frequencies for the First Eight Modes of all Valid Spars Designs with “Free End Points”. 
The Numbers Refer to the Designs shown on Figure 12. The Normalised Natural Frequencies for the First Eight Bending 
and Torsion Modes of Wings Swept Backward by 5ᵒ and 30ᵒ are also shown. 
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Figure 11. Natural Frequencies Variation for Mode 2 to 8 of all Valid Spars Designs with “Free End Points”. The 
Numbers refer to the Designs shown on Figure 12. 
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Figure 12. The Spar Designs with “Free End Points” Maximising Variation with the Baseline Values of each Mode. 
 
Table 5. Tip Displacement and Twist of the Designs shown on Figure 12 when Subject to a Mid-Chord Tip Load. 
 
 Designs Average Tip Displacement (mm) Tip Twist (Degrees) 
F
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1 12.30 -0.01 
2 12.37 0.01 
3 12.30 -0.01 
4 12.35 0.01 
5 12.35 -0.01 
6 12.40 -0.18 
7 12.79 0.52 
8 12.43 0.00 
9 12.39 -0.01 
10 12.39 0.02 
11 12.52 -0.29 
12 12.65 0.43 
13 12.48 -0.16 
14 12.51 -0.27 
15 12.59 0.40 
 
C. Static Aeroelastic Optimisations 
Figure 13 and Figure 16 show the tip displacement versus tip twist for all valid designs tried when changing the 
spars geometry with “fixed end points” and “free end points” respectively. Additionally, the wing structure geometry 
and flexural axis for different designs are shown including Designs 1 to 11 on Figure 13 and Designs 1 to 10 on Figure 
16 are designs maximising tip twist for minimum tip displacement.  
Changing the spars shape can enable a 39.6% and 363.5% increase in tip displacement and twist and 6.6% and 
164.9% decrease in tip displacement and twist under aerodynamic loading compared to the Baseline wing when using 
“fixed end points”. Similarly changing the spars shape and root/tip spar location can lead to a 59.2% and 536.0% 
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increase in tip displacement and tip twist and 8.0% and 173.0% decrease in tip displacement and twist under 
aerodynamic loading compared to the Baseline wing. It is interesting to notice that the designs with minimum tip twist 
and displacement have a tip twist approximating to the tip displacement and twist of a wing swept back by 20ᵒ while 
Designs maximising tip twist and displacement have tip twist close to a wing swept forward by at least 30ᵒ. Hence 
changing the spars shape and/or root and tip spar location can drastically vary the tip displacement and twist.  
Designs maximising the tip displacement and twist (Designs 1, 2 and 3 on Figure 13 and Designs 1 to 5 on Figure 
16) display a reduction in the distance separating the spars and the spars minimum distance is located towards the 
trailing edge of the wing. The designs minimising tip displacement and twist (Designs 10 and 11 on Figure 13 and 
Designs 9 and 10 on Figure 16) have their spars located towards the leading edge of the wing and display a reduction 
in the distance separating the spars. Hence the wing deformation is changed due to a variation in two geometric 
features: (1) the overall chord wise location of the spars with respect to the mid-chord line and (2) the minimum chord 
wise distance separating the leading and trailing edge spar. 
The overall chord wise location of the spars is clearly used to influence the bend-twist coupling behaviour of the 
wing. Wings with tip twist higher than the Baseline wing (Designs 1, 2, 3 and 4 on Figure 13 and Designs 1 to 5, 11 
and 12 on Figure 16) have their spars towards the leading edge hence increasing the distance between the region where 
most of the load is applied (around the quarter chord line) and the flexural axis. On the other hand the wings with a 
lower tip twist than the Baseline wing (Designs 8, 9, 10 and 11 on Figure 13 and Designs 7 to 10 on Figure 16) have 
their spars towards the leading edge hence minimising the distance between the load application region and the flexural 
axis. 
The effect of the minimum chord wise distance separating the spars can be associated to a reduction in the torsional 
stiffness of the wing box which enable the wing to twist more under a bending load. This behaviour explains how 
Designs 4, 5 and 6 on Figure 13 and Design 6 on Figure 16 have increased tip displacement and twist. Additionally, 
this geometric feature has been shown to increase the bending deformation of the wing in Section IV.A. Hence for 
wings with a negative tip twist the reduction in the chord wise spar separation has conflicting effects of increasing the 
torsional and bending stiffness. This conflicting effects on the wing deformation explains the change in the tip 
displacement - twist relationship from linear to non-linear as shown on Figure 13 and Figure 16.  
Although similar geometric features are used by the different decision variable sets these geometric features are 
changed by using curved spars in the “fixed end points” optimisation and changed mainly by moving the spars root 
and tip chord wise location in the “free end points” optimisations. Indeed, when the root and tip chord wise location 
of the spars are freed to move the spars are mainly straight. Hence the root and tip chord wise location of the spars has 
a slightly higher effect on the tip twist and displacement than curved spars. The idealised designs presented in Figure 
6 maximising tip twist and displacement under a tip load would also lead to the highest tip twist reduction of 218.7%.  
Figure 14 and Figure 17 show the twist distribution along the span for the designs shown on Figure 13 and Figure 
16 respectively. The twist distribution for the wings with a sweep angle of -20ᵒ and 30ᵒ are also displayed. Controlling 
the spars shape and root/tip spar location enable significant variations in tip twist magnitude and sign as well as twist 
distribution along the span. For example, the twist distribution is changed from an almost elliptic variation for Design 
1 to an almost linear variation in Design 9 on Figure 14. This variation in twist distribution is close to variation in 
twist distribution observed by changing the wing sweep angle from 30ᵒ forward to 20ᵒ backward. This result highlight 
the potential of the spars shape and root/tip spar location to control aeroelastic problems such as flutter/divergence 
and stall tendency. 
Finally, the effect of changing the spars shape and root/tip spar location on the root bending moment of the wing 
is shown on Figure 15 and Figure 18 with “fixed end points” and “free end points” respectively. The root bending 
moment is found to be linearly proportional to the tip twist of the wing hence wings with maximum/minimum tip twist 
and displacement also have maximum/minimum root bending moment as a reduction in the tip twist enables a 
reduction in the angle of attack at each section along the wing hence lesser lifting force. The root bending moment 
can be reduced by 11.3% and 12.8% compared to the Baseline wing when controlling the spars shape and root/tip 
chord wise location. To achieve a similar reduction in root bending moment with straight spars, the wing needs to be 
swept backward by 15-20ᵒ. 
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Figure 13. Tip Displacement versus Tip Twist for all Valid Spars Designs with “Fixed End Points” under Aerodynamic Loading and Illustration of Spars Designs. The 
Tip Displacement and Twist for Wings with Different Sweep Angle (Λ) with a 5ᵒ increment are also shown. 
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Figure 14. Twist along the Wing Span for the Designs shown on Figure 13 and Wings Swept by 30ᵒ and -20ᵒ. 
 
 
 
Figure 15. Root Bending Moment versus Tip Twist for all Valid Spars Designs with “Fixed End Points” and for Several 
Wings Swept under Aerodynamic Loading. The Designs are shown on Figure 13.  
 23 
 
 
Figure 16. Tip Displacement versus Tip Twist for all Valid Spars Designs with “Free End Points” under Aerodynamic Loading and Illustration of Spars Designs. The 
Tip Displacement and Twist for Wings with Different Sweep Angle (Λ) with a 5ᵒ increment are also shown. 
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Figure 17. Twist along the Wing Span for the Designs shown on Figure 16 and Wings Swept by 30ᵒ and -20ᵒ. 
 
 
 
Figure 18. Root Bending Moment versus Tip Twist for all Valid Spars Designs with “Free End Points” and for Several 
Wings Swept under Aerodynamic Loading. The Designs are shown on Figure 16. 
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D. First Aeroelastic Instability Speed and Gusts Load Optimisations 
Figure 19 and Figure 20 show the flutter/divergence speed versus maximum root bending moments experience 
during a worst case scenario gust event for all valid designs tried when changing the spars geometry with “fixed end 
points” and “free end points” respectively. Additionally, the wing structure geometry and flexural axis for different 
designs of interest are shown. The different wing designs are split by the nature of their aeroelastic instability. Wings 
suffering aeroelastic divergence are represented by a “” symbol, wings suffering a hard flutter instability are 
represented by a “” symbol and finally wings suffering a soft flutter instability are represented by a “” symbol. 
The flutter speed is found to be increased by up to 28.6% and 31.7% when changing the spars geometry using 
“fixed end points” and “free end points” respectively. This improvements in flutter speed are achieved by Designs 12 
and 11 on Figure 19 and Figure 20, respectively, and are found to suffer a hard flutter similar to the Baseline wing due 
to the first bending mode, second bending mode and first torsion. Both Designs have increased the chord wise distance 
separating the spars compared to the Baseline wing and a flexural axis only marginally different than the Baseline 
wing. This geometric features are similar to the Designs found maximising torsional natural frequencies of the wing 
in Section IV.B. Hence the optimisation of the spars shape and/or root/tip chord wise location enables an increase in 
the wing natural frequencies (especially for the torsional modes) which lead to large increase in flutter speed which is 
un-match by a change in sweep angle. 
The root bending moment during a worst case scenario gust encounter can be reduced by up to 11.1% and 6.0% 
when changing the spars geometry using “fixed end points” and “free end points” respectively as shown by Design 9 
on Figure 19 and Design 8 on Figure 20. Both Designs have a flexural axis towards the leading edge of the wing 
implying that under an aerodynamic load there tendency to twist is reduced compared to the Baseline wing as 
explained in Section IV.C. Hence the creation of bend-twist coupling by changing the spars geometry enables a strong 
reduction in the root bending moment similar to sweeping the wing back by around 15ᵒ.  
However the creation of the bend-twist coupling by reducing the chord wise distance separating the spars and by 
offsetting the spars overall chord wise location lead to wings with reduced torsional stiffness and natural frequencies, 
as explained in Section IV.B and IV.C, leading to a reduction in the flutter speed of the wing (Design 9 on Figure 19 
and Design 8 on Figure 20 have a flutter speed reduced by 13.5% and 25.4% respectively). Thus when considering 
designs leading to large improvements in flutter/divergence speed and the root bending moment during gust there is a 
clear trade-off between the geometry of the spars and the metric improved.  
Design 11 on Figure 19 and Design 9 on Figure 20 have a flutter speed 6.1% and 20.7% higher and a maximum 
root bending moment 5.0% and 3.7% lower than the Baseline wing. Hence changing the spars geometry can lead to 
some improvements in both flutter/divergence speed and the root bending moment as shown by numerous designs. It 
should be noted that designs with small improvements in both metrics are also more viable for manufacturing as only 
small changes in spars geometry are performed.  
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Figure 19. Flutter/Divergence Speed versus Maximum Root Bending Moment during a Worst Case Scenario Gust Event for all Valid Spars Designs with “Fixed End 
Points” and Illustration of Spars Designs. The Flutter/Divergence Speed and Root Bending Moment for Wings with Different Sweep Angle (Λ) with a 5ᵒ increment are 
also shown. Hard flutter is identified by a “” symbol, soft flutter by a “” symbol and divergence by a “” symbol.  
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Figure 20. Flutter/Divergence Speed versus Maximum Root Bending Moment during a Worst Case Scenario Gust Event for all Valid Spars Designs with “Free End 
Points” and Illustration of Spars Designs. The Flutter/Divergence Speed and Root Bending Moment for Wings with Different Sweep Angle (Λ) with a 5ᵒ increment are 
also shown. Hard flutter is identified by a “” symbol, soft flutter by a “” symbol and divergence by a “” symbol.  
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V. Stringers Planform Geometry 
Figure 21 and Figure 24 show the tip displacement versus tip twist for all the valid designs tried under static 
aerodynamic loading when using the stringers geometry with “fixed end points” and “free end points” respectively. 
Additionally, the wing structure geometry and flexural axis for different designs are shown including Design 1 to 9 
on Figure 21 and Design 1 to 10 on Figure 24 which are designs maximising tip twist for minimum tip displacement. 
The variation in flexural axis location was increased by 50% to make its variation visible to the reader.   
Tip displacement and twist is reduced by at most 0.16% and 2.0% and increased by up to 0.25% and 1.9% with 
“fixed end points”. Similarly, the tip displacement and twist is reduced by at most 0.14% and 1.8% and increased by 
up to 0.35% and 2.3% with “free end points” respectively. The variation in tip twist distribution along the span of the 
wings and the root bending moment are also very small as shown on Figure 23 and Figure 22 for the “fixed end points” 
results and Figure 26 and Figure 25 for the “free end points” results. At most root bending moment is changed by 
0.15% and 0.14% with “fixed end points” and “free end points” respectively.  
When considering the static tip load optimisations, for which the data is presented in Appendix I, it was found that 
varying the stringers geometry has a very small effect on the tip displacement and twist with a maximum variation of 
up to 0.13% and 0.005ᵒ and 0.09% and 0.007ᵒ with “fixed end points” and “free end points” respectively.  
When considering the maximisation of the natural frequencies for which the data is presented in Appendix I, 
changing the stringers geometry was found to have once again a very limited effect on the natural frequencies of the 
wings. At best, changing the stringers geometry can vary the third torsion mode natural frequency by up to 1.2Hz and 
1.1Hz. However the effect of the stringers geometry is much smaller on the natural frequency of the lower mode.  
Clearly varying the stringers geometry has a very limited effect on the wing tip displacement, twist and root 
bending moment under aerodynamic loading, tip twist and displacement under a static tip loading and natural 
frequencies. The improvement in these metrics was considered too weak to justify the computational expense of 
performing flutter and gusts loads optimisations. Hence these optimisations were not performed. 
When considering the geometry of the stringers on Figure 21 and Figure 24 that lead to reduced tip twist and 
displacement it can be seen that the stringers are curved towards the leading edge of the wing which leads to a reduction 
in the twisting of the wing under bending load as it places the flexural axis of the wing closer to the load application 
region (principally around the quarter chord). Hence the stringers geometry mainly acts on the bend-twist coupling of 
the wing by offsetting the wing stiffness from the load application point similarly to the spars designs found in Section 
IV.However the stringers geometry has a much smaller effect on the torsional constant of the wing than the one of the 
spars geometry. Additionally, the stringers are bounded by the spars (i.e. they cannot cross the spars) hence curved 
stringers have a limited effect as opposed to the curved spars where the spars can reach the edge of the aerodynamic 
wing. Hence the geometry of the stringers could have an increased effect if their contribution to the wing torsional 
and bending stiffness was increased (different wing model) or if their design freedom was increased. Similarly the 
spars planform geometry would have a reduced effect on the wing deformation if their contribution to the torsional 
and bending stiffness was reduced and/or there design freedom was reduced due to the presence of stringers, extra 
spars or a need to maintain a certain distance between the spars for fuel volume.  
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Figure 21. Tip Displacement versus Tip Twist for all Valid Stringers Designs with “Fixed End Points” under Aerodynamic Loading and Illustration of Stringers Designs. 
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Figure 22. Twist along the Wing Span for the Designs shown on Figure 21. 
 
 
 
Figure 23. Root Bending Moment versus Tip Twist for all Valid Stringers Designs with “Fixed End Points” under 
Aerodynamic Loading. The Designs are shown on Figure 21. 
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Figure 24. Tip Displacement versus Tip Twist for all Valid Stringers Designs with “Free End Points” under Aerodynamic Loading and Illustration of Stringers Designs. 
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Figure 25. Twist along the Wing Span for the Designs shown on Figure 24. 
 
 
 
Figure 26. Root Bending Moment versus Tip Twist for all Valid Stringers Designs with “Free End Points” under 
Aerodynamic Loading. The Designs are shown on Figure 24. 
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VI. Euler-Bernoulli Beam Model Parameters 
A. Euler-Bernoulli Beam Model Parameters Identification 
As can be seen in the previous sections the use of the flexural axis to quantify the amount of bend/twist coupling 
existing in a particular wing concept is complex to implement and also requires a high level of interpretation. In 
addition changes in the spars planform geometry can lead to not only changes in the bend-twist coupling of the wing 
but also changes in the wing torsional and bending stiffness. For example, Designs with the lowest root bending 
moment during the static aeroelastic analysis have spars geometry creating bend-twist coupling and reducing the 
torsional stiffness however no quantification of each changes has currently been established. 
There is a need to use a simpler and more thorough comparison metrics such as the one found  in an Euler-Bernoulli 
beam model, where the bending (w’’) and twist (θ’) curvature of a uniform beam section is related to the sectional 
bending moment (M) and torque (T)  along the reference axis using 
 
  (10) 
 
where EI and GJ are the bending and torsional stiffness parameter and K is the bend/twist coupling parameter. 
Assuming the y-axis is along the span of the wing, Equation 10 can be rearranged to relate the bending slope (w’) and 
twist (θ) with the first integral of the bending moment and torque using 
 
  (11) 
 
When dealing with composite materials, K, EI and GJ are a function of the material and cross-section stiffness and 
can be determined analytically. In the case of geometric bend/twist coupling no such formula exists. Hence to 
determine the beam properties of a wing with geometric bend/twist coupling 3D FE results under simple load cases 
can be used to solve a re-arranged form of Equation 11.  
For a bending tip load case subject to a tip load P, Equation 11 can be re-arranged as 
 
  (12) 
 
where TB is the unknown amount of torque created by the off-set of the shear centre due to creation of bend-twist 
coupling. For a torque TT  load case Equation 11 can be re-arranged as 
 
  (13) 
 
Since EI, GJ and K are constant for a given wing section at a given location along the span every load case 
introduces (at most) one new unknown and two equations hence the number of equations matches the number of 
unknown with only three load cases: two torque load case and one bending load case.  
Assuming that torque value of T1 and T2 are used in the first and second load case and a tip load P3 in the third 
load case, EI, GJ and K for each section of a design can be found by solving  
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  (14) 
 
B. Euler-Bernoulli Beam Model Parameters Validation 
Using the previous method, EI, GJ and K values at different sections along the wing as shown by Figure 27 for 
Design 1 of Figure 4. The derived stiffness values are put back into Equation 11 to validate the values obtained. 
Equation 11 is solved for a bending and a torque load case. The slope and twist for 1D analytical beam and 3D FE are 
presented in Figure 28 and the maximum difference between the two models is shown on Table 6.  
 
 
 
Figure 27. Variation of EI, GJ and K along the Wing Span for Design 1 of Figure 4. 
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Figure 28. Comparison of the Tip Slope and Twist found by the 1D Analytical Beam and the 3D FE Wing Model for 
Design 1 of Figure 4. 
 
 
Table 6. Maximum Percentage Difference in Slope and Twist found by the 1D Analytical Beam and the 3D FE Wing 
Model for Design 1 of Figure 4. 
 
 Slope Twist 
Maximum Difference - Bending Load Case (%) 0.00 0.00 
Maximum Difference - Torque Load Case (% 0.11 0.00 
 
C. Variation of EI, GJ and K with the Spars Planform Geometry 
By using the method previously described equivalent Euler-Bernoulli parameters can be identified for the different 
spars planform geometry found in this paper. The process was carried out for the illustrated designs shown in Section 
IV with “fixed end points” and “free end points”. The same process is also applied to the swept wings previously used 
to compare the effect of the spars planform geometry to the sweep angle. Figure 29 shows the variation of the 
equivalent bend-twist coupling parameter for the different designs with respect to the equivalent bending stiffness 
while Figure 30 shows the variation of the equivalent bend-twist coupling parameter for the different designs with 
respect to the equivalent torsional stiffness. 
Changing the spars planform geometry can lead to large variations in both the torsional stiffness and the bend-
twist coupling parameter but only minor variations in the wing bending stiffness.  The torsional stiffness of the wing 
can be increased by up 58.1% and 83.65%, and reduced by up to 42.0% and 58.9% when using “fixed end points” and 
“free end points”, respectively, while the bend-twist coupling parameter can be increased to values similar to one seen 
on wings swept by around 20ᵒ. The bending stiffness is at most changed by -1.9% and -2.0%  when using “fixed end 
points” and “free end points” respectively. 
Changing the sweep angle of the wing can reduce the bending and torsional stiffness of the wing by up to 27.9% 
and 15.0%.  
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While the sweep angle and the spars planform geometry can have a similar effect on the bend-twist coupling 
parameter of the wing they have very different effect on the bending and torsional stiffness of the wing. When 
considering the torsional stiffness it should be noticed that the spars planform geometry offers a much higher control 
compared to the spar sweep angle both in magnitude and sign. When considering the bending stiffness the spar sweep 
angle offer higher control than the spars planform geometry in magnitude however this control can only lead to a 
reduction in the bending stiffness.  
 
 
 
Figure 29. Equivalent Bending Stiffness (EI) and Equivalent Bend-Twist Coupling Parameter (K) for the Illustrated 
Designs of Section IV and Wings with Different Sweep Angle (Λ) with a 5ᵒ increment. 
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Figure 30. Equivalent Torsional Stiffness (GJ) and Equivalent Bend-Twist Coupling Parameter (K) for the Illustrated 
Designs of Section IV and Wings with Different Sweep Angle (Λ) with a 5ᵒ increment. 
VII. Conclusions 
In this paper, the effect of changing the spars and stringers planform geometry by modifying their shape and 
root/tip chord wise location on the wing’s static and dynamic aeroelastic behaviour, natural frequencies, 
flutter/divergence speed and root bending moment during a gust encounter were investigated on an un-tapered un-
swept wing model. Overall, the spars planform geometry had a larger effect than the stringers planform geometry at 
controlling these metrics, e.g. a beneficial variation in instability speed and root bending moment during a gust 
encounter superior to 25% and 10%.  
The control of the spars shape and/or root/tip chord wise location enabled the control of two geometric features of 
the wing: (1) the overall chord wise location of the spars with respect to the load application point and (2) the minimum 
chord wise distance separating the leading and trailing edge spar. It was found that only controlling the spars shape 
achieved the majority of the improvements in the different analysis performed. 
Varying the spars planform geometry was found to have a very similar effect to changing the wing sweep angle in 
the static load cases. When dynamic events are considered a change in the spars shape offers more control on the wing 
response than a change in wing sweep angle. The capability of the spars planform geometry and the sweep angle to 
change the wing’s deformation was characterised by evaluating the equivalent Euler-Bernoulli beam properties 
(bending stiffness, torsional stiffness and bend/twist coupling parameter) using a series of prescribed loading cases to 
the 3D FE models. The values derived highlight the ability of spars shape and root/tip chord wise location to control 
the wing’s bend-twist coupling and torsional stiffness while the spar sweep angle was found to mainly vary the wing’s 
bend-twist coupling and bending stiffness. 
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Appendix I 
 
 
 
Figure A. Normalised Natural Frequencies of the First Eight Modes of each Valid Stringers Designs with “Fixed End 
Point” and Stringers designs Maximising Variation with the Baseline Values for each Mode. 
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Figure B. Natural Frequencies Variation for Mode 2 to 8 of each Valid Stringers Designs tried with “Fixed End Points”. 
The Numbers Refer to the Designs shown in Figure A. 
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Figure C. Normalised Natural Frequencies of the First Eight Modes of each Valid Stringers Designs with “Free End 
Point” and Stringers designs Maximising Variation with the Baseline Values for each Mode. 
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Figure D. Natural Frequencies Variation for Mode 2 to 8 of each Valid Stringers Designs with “Fixed End Points”. The 
Numbers Refer to the Designs  shown in Figure C.  
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Figure E. Tip Displacement versus Tip Twist for all Valid Stringers Designs with “Fixed End Points” under a Tip Load and Illustration of Stringers Designs. The 
Flexural Axis Variation is increased by 50%.
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Figure F. Tip Displacement versus Tip Twist for all Valid Stringers Designs with “Free End Points” under a Tip Load and Illustration of Stringers Designs. The 
Flexural Axis Variation is increased by 50%. 
